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Abstract. We show how for n = 2,3(mod 4) continuous Clifford (geometric) algebra (GA) Cln-valued admissible wavelets
can be constructed using the similitude group SIM(n). We strictly aim for real geometric interpretation, and replace the
imaginary unit i ∈ C therefore with a GA blade squaring to −1. Consequences due to non-commutativity arise. We express
the admissibility condition in terms of a Cln Clifford Fourier Transform and then derive a set of important properties such as
dilation, translation and rotation covariance, a reproducing kernel, and show how to invert the Clifford wavelet transform. As
an example, we introduce Clifford Gabor wavelets. We further invent a generalized Clifford wavelet uncertainty principle.
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MULTIVECTOR FUNCTIONS
Multivectors M ∈Clp,q, p+q = n, have k-vector parts (0 ≤ k ≤ n): scalar part Sc(M) = 〈M〉= 〈M〉0 = M0 ∈R, vector
part 〈M〉1 ∈ Rp,q, bi-vector part 〈M〉2, . . . , and pseudoscalar part 〈M〉n ∈
∧nRp,q
M = ∑
A
MAeA = 〈M〉+ 〈M〉1 + 〈M〉2 + . . .+ 〈M〉n, (1)
with blade index A ∈ {0,1,2,3,12,23,31,123, . . . ,12 . . .n}, MA ∈R. The Reverse of M ∈Clp,q is defined as
M˜ =
n
∑
k=0
(−1)
k(k−1)
2 〈M〉k, (2)
it replaces complex conjugation and quaternion conjugation. The scalar product of two multivectors M, N˜ ∈ Clp,q is
defined as
M ∗ N˜ = 〈MN˜〉= 〈MN˜〉0. (3)
For M, N˜ ∈Cln =Cln,0 we get M ∗ N˜ = ∑A MANA. The modulus |M| of a multivector M ∈Cln is defined as
|M|2 = M ∗ M˜ = ∑
A
M2A. (4)
For n = 2(mod 4) and n = 3(mod 4) the pseudoscalar is in = e1e2 . . .en with (also valid for Cl0,n, n = 1,2(mod 4))
i2n =−1. (5)
A blade B describes a vector subspace
VB = {x ∈Rp,q|x∧B = 0}. (6)
Its dual blade
B∗ = Bi−1n (7)
describes the complimentary vector subspace V⊥B . The pseudoscalar in ∈Cln is central for n = 3(mod 4)
in M = M in, ∀M ∈Cln. (8)
But for even n we get due to non-commutativity [8] of the pseudoscalar in ∈Cln
inM = Meven in −Modd in , einλ M = Meven einλ +Modd e−inλ , ∀M ∈Cln, λ ∈ R. (9)
A multivector valued function f :Rp,q →Clp,q, p+ q = n, has 2n blade components ( fA :Rp,q →R)
f (x) = ∑
A
fA(x)eA. (10)
We define the inner product of Rn →Cln functions f ,g by
( f ,g) =
∫
Rn
f (x)g˜(x) dnx = ∑
A,B
eAe˜B
∫
Rn
fA(x)gB(x) dnx, (11)
and the L2(Rn;Cln)-norm
‖ f‖2 = 〈( f , f )〉 =
∫
Rn
| f (x)|2dnx, L2(Rn;Cln) = { f : Rn →Cln | ‖ f‖< ∞}. (12)
For the Clifford geometric algebra Fourier transformation (CFT) [8] the complex unit i ∈ C is replaced by some
geometric (square) root of−1, e.g. pseudoscalars in, n= 2,3(mod 4). Complex functions f are replaced by multivector
functions f ∈ L2(Rn;Cln).
Definition 1 (Clifford geometric algebra Fourier transformation (CFT)). The Clifford GA Fourier transform F{ f}:
Rn →Cln, n = 2,3(mod4) is given by
F{ f}(ω) = f̂ (ω) =
∫
Rn
f (x)e−inω ·x dnx, (13)
for multivector functions f : Rn →Cln.
NB: The CFT can also be defined analogously for Cl0,n′ , n′ = 1,2(mod 4). The CFT (13) is inverted by
f (x) = F−1[F{ f}(ω)] = 1
(2pi)n
∫
Rn
F{ f}(ω)einω·x dnω. (14)
The similitude group G = SIM(n) of dilations, rotations and translations is a subgroup of the affine group of Rn
G = R+× SO(n)⋊Rn = {(a,rθ ,b)|a ∈ R+,rθ ∈ SO(n),b ∈ Rn}. (15)
The left Haar measure on G is given by
dλ = dλ (a,θ ,b) = dµ(a,θ)dnb, dµ = dµ(a,θ) = dadθ
an+1
, (16)
where dθ is the Haar measure on SO(n). We define the inner product of f ,g : G →Cln by
( f ,g) =
∫
G
f (a,θ ,b) ˜g(a,θ ,b) dλ (a,θ ,b), (17)
and the L2(G ;Cln)-norm
‖ f‖2 = 〈( f , f )〉 =
∫
G
| f (a,θ ,b)|2dλ , L2(G ;Cln) = { f : G →Cln | ‖ f‖< ∞}.
CLIFFORD GA WAVELETS
Previous works on Clifford wavelets include [1, 2, 3, 4, 5, 6, 7, 9]. We represent the transformation group G = SIM(n)
by applying translations, scaling and rotations to a so-called Clifford mother wavelet ψ : Rn →Cln
ψ(x) 7−→ ψa,θ ,b(x) =
1
an/2
ψ(r−1θ (
x− b
a
)). (18)
The family of wavelets ψa,θ ,b are so-called Clifford daughter wavelets.
Lemma 1 (Norm identity). The factor a−n/2 in ψa,θ ,b ensures (independent of a,θ ,b) that
‖ψa,θ ,b‖L2(Rn;Cln) = ‖ψ‖L2(Rn;Cln). (19)
The CFT spectral representation of Clifford daughter wavelets is
F{ψ
a,θ ,b}(ω) = a
n
2 ψ̂(ar−1θ (ω))e−inb·ω . (20)
A Clifford mother wavelet ψ ∈ L2(Rn;Cln) is admissible if
Cψ =
∫
R+
∫
S0(n)
an{ψ̂(ar−1θ (ω))}∼ψ̂(ar−1θ (ω)) dµ =
∫
Rn
˜̂ψ(ω)ψ̂(ω)
|ω |n
dnω, (21)
is an invertible multivector constant and finite at a.e. ω ∈ Rn. We must therefore have ψ̂(ω = 0) = 0 and therefore
every Clifford mother wavelet component ∫
Rn
ψA(x) dnx = 0. (22)
By construction Cψ = C˜ψ . Hence for n = 2,3(mod 4)
〈Cψ 〉0 > 0, Cψ =
[n/4]
∑
k=0
(〈Cψ 〉4k + 〈Cψ〉4k+1).
The invertibility of Cψ depends on its grade content, e.g. for n = 2,3, Cψ is invertible, if and only if 〈Cψ〉21 6= 〈Cψ 〉20 :
C−1ψ =
〈Cψ 〉0 −〈Cψ〉1
〈Cψ 〉20 −〈Cψ〉21
. (23)
Definition 2 (Clifford GA wavelet transformation). For an admissible GA mother wavelet ψ ∈ L2(Rn;Cln) and a
multivector signal function f ∈ L2(Rn;Cln)
Tψ : L2(Rn;Cln) → L2(G ;Cln), f 7→ Tψ f (a,θ ,b) =
∫
Rn
f (x) ˜ψ
a,θ ,b(x) d
nx. (24)
NB: Because of (9) we need to restrict the mother wavelet ψ for n = 2(mod 4) to even or odd grades: Either we have
a spinor wavelet ψ ∈ L2(Rn;Cl+n ) with ε = 1, or we have an odd parity vector wavelet ψ ∈ L2(Rn;Cl−n ) with ε =−1.
NB: For n = 3(mod 4), no grade restrictions exist. We then always have ε = 1. We immediately see from Definition 2
that the Clifford GA wavelet transform is left linear with respect to multivector constants λ1,λ2 ∈Cln.
The spectral (CFT) representation of the Clifford wavelet transform is
Tψ f (a,θ ,b) = 1
(2pi)n
∫
Rn
f̂ (ω)a n2 {ψ̂(ar−1θ (ω))}∼eεinb·ω dnω . (25)
NB: The CFT for n = 2(mod 4) preserves even and odd grades.
We further have the following set of properties. Translation covariance: If the argument of Tψ f (x) is translated by
a constant x0 ∈ Rn then
[Tψ f (·− x0)](a,θ ,b) = Tψ f (a,θ ,b− x0) . (26)
Dilation covariance: If 0 < c ∈R then
[Tψ f (c ·)](a,θ ,b) = 1
c
n
2
Tψ f (ca,θ ,cb) . (27)
Rotation covariance: If r = rθ , r0 = rθ0 and r′ = rθ ′ = r0r = rθ0 rθ are rotations, then
[Tψ f (rθ0 ·)](a,θ ,b) = Tψ f (a,θ ′,rθ0b) . (28)
Now we see some differences from the classical wavelet transforms. The next property is an inner product relation:
Let C ′ψ = (−ε)nCψ , and f ,g ∈ L2(Rn;Cln) arbitrary. Then we have
(Tψ f ,Tψ g)L2(G ;Cln) = ( fC ′ψ ,g)L2(Rn;Cln) . (29)
The spectral representation (25) and the CFT Plancherel theorem [8] are essential for the proof. As a corollary we get
the following norm relation:
‖Tψ f‖2L2(G ;Cln) = Sc( fC
′
ψ , f )L2(Rn;Cln) = C ′ψ ∗ ( f , f )L2(Rn;Cln) . (30)
We can further derive the
Theorem 1 (Inverse Clifford Cln wavelet transform). Any f ∈ L2(Rn;Cln) can be decomposed with respect to an
admissible Clifford GA wavelet as
f (x) =
∫
G
Tψ f (a,θ ,b)ψa,θ ,bC ′−1ψ dµdnb =
∫
G
( f ,ψa,θ ,b)L2(Rn;Cln)ψa,θ ,bC ′−1ψ dµdnb, (31)
the integral converging in the weak sense.
Next is the reproducing kernel: We define for an admissible Clifford mother wavelet ψ ∈ L2(Rn;Cln)
Kψ(a,θ ,b;a′,θ ′,b′) =
(
ψa,θ ,bC ′−1ψ ,ψa′,θ ′,b′
)
L2(Rn;Cln)
. (32)
Then Kψ(a,θ ,b;a′,θ ′,b′) is a reproducing kernel in L2(G ,dλ ), i.e,
Tψ f (a′,θ ′,b′) =
∫
G
Tψ f (a,θ ,b)Kψ(a,θ ,b;a′,θ ′,b′)dλ . (33)
Theorem 2 (Generalized GA wavelet uncertainty principle). Let ψ be an admissible Clifford algebra mother wavelet.
Then for every f ∈ L2(Rn;Cln), the following inequality holds
‖θTψ f (a,θ ,b)‖2L2(G ;Cln) Cψ∗(ω˜ ˆf , ω˜ ˆf )L2(Rn;Cln) ≥
n(2pi)n
4
[
Cψ ∗ ( f , f )L2(Rn;Cln)
]2
. (34)
NB: The integrated variance
∫
R+
∫
SO(n) ‖ωF{Tψ f (a,θ , .)}‖2L2(Rn;Cln)dµ is independent of the wavelet parity ε . Oth-
erwise the proof is similar to the one for n = 3 in [9]. For scalar admissibility constant this reduces to
Corollary 1 (Uncertainty principle for GA wavelet). Let ψ be a Clifford algebra wavelet with scalar admissibility
constant. Then for every f ∈ L2(Rn;Cln), the following inequality holds
‖bTψ f (a,θ ,b)‖2L2(G ;Cln) ‖ω ˆf‖
2
L2(Rn;Cln) ≥ nCψ
(2pi)n
4
‖ f‖4L2(Rn;Cln). (35)
Finally GA Gabor Wavelets are defined as (variances σk,1 ≤ k ≤ n, for n = 2(mod 4) : A ∈Cl+n or A ∈Cl−n )
ψc(x) = A
(2pi) n2 ∏nk=1 σk
e
− 12 ∑k
x2k
σ2k

einω0·x− e− 12 ∑nk=1 σ 2k ω20,k︸ ︷︷ ︸
constant

 , x,ω0 ∈ Rn, constant A ∈Cln . (36)
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